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Abstract

In this article, we introduce the concept of bipolar S,-metric spaces as a generalization of bipolar metric spaces [9]
and F-bipolar metric spaces [17]. Two common fixed-point theorems are established for four self-mappings satisfying
(F, Y, p)-contraction. The first theorem is proved by using the common limit in the range (CLR) property [16, 22]
without requiring continuity of the mappings or completeness of the space, while the second theorem is proved in the
[framework of complete bipolar Sy-metric spaces. Some corollaries are obtained as direct consequences of our main
results. Non-trivial examples and an application to Volterra integral equations are also provided.
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1 Introduction
The Banach contraction principle [1] is one of the most
influential results in fixed point theory, ensuring
existence and uniqueness of fixed points for
contractive mappings in complete metric spaces. It has
been extended in many directions. Notable
generalizations include b-metric spaces due to
Czerwik [2], Kannan-type contractions [3], altering
distance functions introduced by Khan et al. [4],
partial metric spaces due to Matthews [5], statistical
metric spaces [6], fuzzy metric and statistical metric
spaces [7], and fixed points in fuzzy metric spaces [8].
In 2016, Mutlu and Giirdal [9] introduced bipolar
metric spaces where the metric is defined on a pair of
disjoint sets. This structure has been widely studied.
Mutlu et al. [10, 12] proved coupled fixed -point
theorems and local and weak contraction principles,
Rao et al.[11] studied Geraghty-type contractions
with applications to homotopy theory, and Kishore et
al. [13] obtained common coupled fixed -point results
and applications. In parallel, Shukla [15] introduced
partial rectangular metric spaces, Rawat et al. [17]
introduced F -bipolar metric spaces, and Paul and
Gairola [18, 19, 21] studied rational type and

generalized weak contractions in F-metric spaces. The
common limit in the range (CLR) property introduced
by Faraji et al. [16] is a useful tool to prove common
fixed- point theorems without completeness or
continuity, and it was recently used in bipolar metric
spaces by Rao et al. [22]. Stability of fixed- point
problems including well-posedness and Ulam-Hyers
stability was studied by Bota et al. [14], Demma et
al. [20] and Saha et al. [23]. Applications to fuzzy
systems were discussed in [24, 25].

In this article, we introduce bipolar S;-metric spaces
as a natural generalization of bipolar metric spaces [9]
and F -bipolar metric spaces [17]. We introduce
(F, Y, ) -contraction for four self-mappings and
establish two common fixed point theorems.
Theorem 1 is proved by using the joint CLRgr
property [16, 22] and weak compatibility [22] without
requiring completeness of the space or continuity of
the mappings. Theorem 2 is proved in the setting of
complete bipolar S, -metric spaces. Our results extend
and improve several results in [9, 12, 17, 22]. Some
corollaries are derived, two illustrative examples with
graphs are given, and an application to a system of
Volterra integral equations is presented.
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2 Preliminaries
In this section, we recall some necessary definitions
and state our proposed structure.
Definition 1 (Bipolar S, -metric [11, 17]). Let X and
Y be two non-empty sets. A mapping Sp: (X X X X
VVUAX XY XY)—>[0,00) is called bipolar S, -
metric if for every xX1,X,, X3 € X and y1,¥,,y3 €Y,

Lo Sp(x1,x0, 1) 2 0, Sp (X1, ¥1,¥2) 2 0,

2. Sp(x1,%2,y1) =0 if and only if x; = x, =

y1 and Sy (x1,¥1,¥,) = 0 if and only if x; =

Y1 = Y2

3. Sp(e,x,y) =S,(y,y,x) for all (x,y) € X X
Y,

4. Sp(xq,%2,¥1) < Sp(x1,%1,¥2) +
Sp(x2, %2, ¥2) + Sp (%1, %2, Y1) and

Sp(x1, Y1, ¥2) < Sp(x1,%1,¥3) +
Sp(x3, Y1, ¥2) + Sp (X3, 2, ¥2)-
Then (X,Y,S}) is called a bipolar S,-metric space.

Example 1. Let X =[0,1], Y = [0,1] and define
Sb:XXYXY_)[O'OO) by Sb(x'y11y2)= |x_
il +y1 —y2l + |x —y,|, for all x € X, y,,y, €Y.
Then (X,Y,Sp) is a bipolar S, -metric space.
Moreover, it is complete.
Definition 2 (Bisequence and biconvergence [9]). Let
(X,Y,Sy) be a bipolar S,-metric space.
o Asequence (x,) in X left-convergestoy €Y,
written x, =%y, if lim,_ Sy (%, X5, V) = 0.
o A sequence (y,) in Y right-converges to x €
X, written y, =7 x, iflim,,_,S, (x, %, y,) =
0.
o A pair ((Xn, Yn)) with x, €X, y, €Y is a
bisequence. It is biconvergentto z € X NY if
x, > zand y, ->" z.
Definition 3 (Cauchy bi-sequence and completeness
[9, 10]). A bisequence {(x,,yn)) in (X,Y,Sy) is
Cauchy if for each € > 0 there is N € N such that
Sy (X, X, Vi) < € for all n,m,k > N. (X,Y,Sp) is
complete if every Cauchy bisequence is biconvergent
inXnNY.
Definition 4 (Class F ([17]). Let F be the family of
functions F: (0, 0) = R satisfying:
1. F is strictly increasing,
2. lim;_g+F(t) = —oo,
3. There exists k€ (0,1) such that
lim,_+t*F(t) = 0.
Definition 5 (Altering distance). A function
Y:[0,0) = [0,0) is an altering distance if it is
continuous, non-decreasing and Y(t) = 0 ifft = 0. 4
function @:[0,0) — [0, ) is said to be lower semi-
continuous from right with ¢(0) = 0 and @(t) >0
fort > 0.
Definition 6 ((F, 1y, ¢)-contraction). Let (X,Y,S,) be
a bipolar S, -metric space. Four mappings
ABST:XUY >XUY are said to satisfy
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(F, Y, )-contraction if there exist F € F, T > 0 such
that for all x € X, y € Y with S,(Ax,By,By) > 0,
T+ F(Y(Sp(Ax, By, By))) < Fp(M(x,y) —

P(M(x,y)))), whereM (x,y) =
Sp(Sx, Ty, Ty),

Sy (Ax, Sx, Sx),
maxq .S, (By, Ty, Ty),
Sp(Ax,Ty,Ty)+Sp(By,Sx,5x)

2
Definition 7 (Joint CLRgr property ([16, 22]). Let

A,B,S,T be as above. The pairs (A,S) and (B,T)
satisfy joint common limit in the range of S and T
property if one can find bisequences (x,) C X, (V) C
Y such that 7P_r)rolo.S’b(Axn,Axn,z) =

lim S, (Sx,, Sx,, 2) = lim Sy (Byy, By, 2) =

n—-oo n—-oo

lim S, (Tyy,, Ty, z) = 0 for some z € S(X) NT(Y).
n—-oo

Definition 8 (Weak compatibility ([22]). Two
mappings  P,Q:XUY ->XUY  are weakly
compatible if PQx = QPx whenever Px = Qx.

3 Main Results

Theorem 1. Let (X,Y,Sy) be a bipolar S -metric
space. Let A,B,S,T:XVUY > XUY be four self
mappings satisfying the following contraction
condition:

T+ F((Sy(Ax, By, By))) <

FpM@x,y) —dMOGY)))) e e (B)
for all x € X and y € Y with S,(Ax,By,By) >0,

where T>0, FEF, Y and ¢ are two altering

Sfunction and M(x,y) =
(Sb (Sx, Ty, Ty), ]
Sy (Ax, Sx, Sx),
maxy S, (By, Ty, Ty), ceeee e e e e (BD)

Sp(Ax, Ty, Ty)+Sp(By,Sx,5x)
2

Suppose that

1. The pairs (A4,5) and (B, T) satisfy the joint
CLRgr property, ie. there exist sequences
(x,) € X and (y,) € Y such that 1lli_r)£10Axn =
imSe, = limBy, = T = for
somez € S(X)NT(Y),

2. The pairs (A,S) and (B,T) are weakly
compatible (i.e. they commute at their
coincidence points).

Then A, B, S and T have a unique common fixed point
inXNY, ie there exists a unique point Z such that
Az=Bz=8z=Tz =z

Proof. Step 1: Existence of Coincidence Points.
From CLRgr property we have sequences as in (1),
Since z € S(X), Iu € X s.t. Su =z. Also z € T(Y),
weYstTv =z

Claim: Au = z. Assume Au # z so S, (4u,z,z) > 0.
Put x = uand y =y, in (i)and (ii)
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T+ F(Y(Sy (Au, Byn, Byn)))
S FOM @ yn) — (M (W, y0))))-

M(u, yn)
(Sb (Su, Ty‘n,: TYn)'
S, (Au, Su, Su),
= max Sb (Bynﬁ Ty‘n' Tyn)'
Sy (A, Ty, Tyy) + Sy (Byy, Su, Su)

2

Where

—

Taking n — oo,
Sy(z,2,2),
Sy (Au, z, 2),
lim M (u,y,) = max< S,(z, z, z),
e Sp(Au,z,2) + Sy(2,2,2)
2

=S5, (Au, z, ).
Hence
7+ F(Y(Sp(Au, 2, 2)))
< FW(Sp(Au, z,2)
= ¢(5y(Au, 2, 2)))).
Since ¢(t) > 0 and ¢(t) < t, we have S, (4Au, z,z) —
d(Sp(Au, z,2)) < Sp(Au,z,z) . As F is strictly
increasing, T+ F((Sy(Au, z,2))) <
F(WY(Sy(Au,z,2z))) which implies <0 ,
contradiction as T > 0.
Thus Sp(Au,z,z) = 0= Au = z . Therefore Au =
Su =z
Similarly taking x =x, and y =v we get Bv =
Tv = z.
Step 2: Finding the Common Fixed Point via Weak
Compatibility. Since (4, S) is weakly compatible and
u is their coincidence point,
ASu = SAu = Az = Sz.
Suppose Az # z, so S,(Az,2z,z) > 0. Put x = z and
y = v in the contraction (i) and (ii);
S, (Sz, Tv, Tv),
Sy(Az,52,5z7),
M(z,v) = max< S, (Bv, Tv, Tv),
Sy(Az,Tv,Tv) + S,(Bv,5z,57)
2

Sy(Sz,2,2),
Sy(Az, Az, Az),
maxy s, (z,z,z),
Sp(Az,z,2)+Sp(2,Az,Az)
2

Sy(Az,z,2),

Sy(Az,z,2)
= S,(4z,2,2)
[as S, (Az,z,2) = Sp(z,Az, Az)]
Then

4 RS,z 8o 5o)) < F (0 (et )

>7+ F(l,l}(Sb (Az, z, Z))) <
F($(S,(Az,2,2)))
=1t<0
Which is a Contradiction as T > 0.
So our assumption is Wrong,
So S,(4z,2,z) =0
= Az = z.
. Therefore,
Az =5z = z.
By applying the exact same logic to the weakly
compatible pair (B,T) at their meeting point v, and
given contradiction,
Bz =Tz = z.
Combining both results, we get,
Az=Bz=8z=Tz = z.
So, z is a Common fixed point of A, B,S and T.
Step 3: Uniqueness of the Common Fixed Point.
Let us assume that w be another fixed point s.t. Aw =
Sw=Tw=Bw =wandw # z,s0 S,(z,w,w) > 0.
By substituting x = z and y = w into the contractive
condition, we get
T+ F(Y(S,(Az, Bw, Bw)))
S FpM(z,w) — ¢(M(z,w)))).
=1+ FP(Sy(z, w,w)))
S FpM(z,w) — ¢(M(z,w)))).

M(z,w)
Sy (Sz, Tw, Tw),
Sy (Az,52,5z),
= max< S, (Bw,Tw, Tw),
Sy(Az, Tw, Tw) + S, (Bw, Sz,52)

Now,

2
(Sb (z,w,w),
Sy(z,2,2),
= max< S,(w,w,w),
Sp(z,w,w) + S, (w,z,2)
2

~~

Sy(z,w,w),

)
= max
0;

Sy (z,w,w)
=S,(z,w,w). [as
Sp(z,w,w) = S, (w, z,2)]
So we have, the contractive condition,
T+ F@P(S_b (z,w,w)))
< FQ(S_b (z,w,w)
- ¢(S—b (Z, w, W))))
[as ¢(t) > 0 and ¢p(t)
<tSoS,(z,w,w)
— ¢(Sp(z,w,w)) < Sp(z,w,w)]
=T+ FY(Sp(z,w,w))) < F(Y(Sp(z,w,w)))
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=>1t<0

Which is a Contradiction as T > 0.
So our assumption is wrong.
SoSp(z,w,w)=0=2z=w.
Hence, the four function A,B,S,T has a Common
unique fixed Point. O
Theorem 2 (Completeness version without CLR
Property). Let (X,Y,S,) be a Complete Bipolar S-
metric space. Let A,S,B,T:XUY - X UY be four
self-mappings satisfying the following Contractive
Condition:

T+ F((S,(Ax, By, By))) <

F(p(MCy) = dM@EY)))) woee e (i)
for all x € X and y € Y whenever S,(Ax, By, By) >
0, where t>0, FEF, Y and ¢ are two altering

function and M(x,y) =
Sp(Sx, Ty, Ty),
Sy (Ax, Sx, Sx),

max+ s, (By, Ty, Ty), rvee e e e e (V)

Sp(Ax, Ty, Ty)+Sp(By,Sx,5x)
2

Suppose that:

1. AX)<ST()andB(Y) < S(X),

2. One of the Subspaces A(X),B(Y),S(X), or

T(Y) is closed subset of X orY.
3. The Pairs (A,S) and (B,T) are Weakly
Compatible.
Then A, B, S, T have a unique Common fixed point in
X NY ie. there exists a unique point z € X NY such
that Az=Bz=Sz=Tz=2z
Proof. Step 1:- (Construction of the Iterative
sequences)
Let x4 € X be arbitrary Point. Since A(X) € T(Y),
there exists a point y, € Y such that Axy, = Ty,.
Since B(Y) € S(X), there exists a Point x; € X such
that By, = 5x;.
By Induction, We can Construct two sequences
(x,) € X and (y,) € Y such that
SXn+1 = BYan  and  Tyauyq = AXgpy, forn 2 0.
For Convenience, let
dan = Sp(AX2n, BY2n—1,BY2n-1) and dznyq
= Sp(Ax2n, BYan+1, BYan+1)

and we assume d,, > 0 V n € N. (If d,, = 0 for any n,

a Common fixed Point is immediately found)
Step 2: (Proving the sequences are Cauchy)
By Substituting x = x,, and y = y,,_4, into the main
Contractive Condition, we get;
T+ F(lp (Sp (Ax2n, Byan-1, ByZn—l)))

<F (lp(M(xvayZH—l) - ¢(M(x2n'y2n—1))))
=17+ F((dzn))
< F(lp(M(xZn'YZn—l)
- ¢(M(x2n:}’2n—1))))

Now,
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M (x2n) Y2n-1)
Sp(Sx2m TY2n-1, TY2n-1),
Sb (AxZn' SxZn' SxZn)r
= max < S, (BYan-1, TY2n-1, TY2n-1),
Sp(A%2n, TY2n-1, TY2n-1) + Sp(BY2n-1,SX2n, SX2n)
2

Sp(BY2n—1, AXop, AXzy),
Sp(Axan, BYon—1, BY2n-1),
MaAX Sy (BY2n—1, AxXzn, AXyn),
Sp(Ax2n,AX2n,A%20)+Sp(BY2n—1,BY2n—1,BY2n—1)
2

max{dyn-1, dan, d2n-1, 0}
= max{dyp, dzn-1}
If max{d,n, dan-1} = don,
Then the equation (iii) becomes,
T+ F((dan)) < F((dzn) = $(don)))
sincep(t) >0 Vt>0and p(t) <t
= P(dzn) — $(dzy) < P(dzn)
= T+ F((dzn)) < F((dzn))
=21t<0
Which is a Contradiction.
So M(x3n, Y2n—1) = max{dyn, don-1} = dan—1
Substituting in equation (iii) gives
T+ F(¥(d2n)) < F@((dzn-1) — $(d2n)))

=17+ F((dzn)) < F(Y(dzn-1))
Since F and i are strictly monotone increasing, then

(iv) implies that d,,, < dy,_1 Vn € N.
By similar argument with x = x,, and y = y,,,¢, we
have
done1 <dyn VYV neEN.
Therefore (d,) is a strictly decreasing sequence of
positive real number and bounded below.
So (d,,) is Convergent.
Letlim, ,,d, =T7.
Ifr > 0, then by (4) we get and Taking n — oo we get

T+Fp(r) <F@(()
=>1t<0
Which is a Contradiction.
Sor=20.
1111_r)r010 d, =0.
Next we prove that the bisequence ((Ax,, By,)) be
Cauchy.

By contractive Condition (iv) to generalize this
expression for any arbitrary index, we substitute 2n
with n and 2n — 1 with n — 1. Then, we have

F@(dy) < F(dy-1)) — 7
F@(d1)) < F(¥(do)) — 7

F@p(dz)) < F(¥(dy) — 7
< F(¥(dy)) — 27

Forn=1

Forn =2
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For n times

F((dyn)) < F((do)) — n.
Multiply [(d,)]* where 0 < k < 1 from both sides

we get,
[ (d)I*F (P (dy))
< [Y(d)I*F (P (dy))
— [(d)]*nt
= n[Y(d)]* < [W(d,)]*F (Y (do))
— [W(d)I*F((dy)
Taking n - o Then [Y(d,)]*F((d,)) = 0 and
F(y(d,)) is constant and [ (d,)]* = 0 as¥(d,) —
Y (0) = 0.
So nt[Y(d,)]* = 0, ie.
7P_r}c}onW’(dn)]k =
Then3 n, € Ns.t
nfyd)¥<1 vn>n

1
ﬁlp(dn)ﬁm vn>n,
Since 1 is Continuous and we Consider Y (t) >t

Then we getd,, < ¢¥(d,) < # vn>n

ast > 0.

1
=>dn<m VTL>TL1

[ee] fee] 1
= z d, < Z ik is Convergent
n=1 n=1

by p-test. So by Comparison Test Yjrqd, is
Convergent.
So for m > n > n,, by Triangle inequality,
Sb (Axn' Bymr BYm) = Sb (Axn' BYm—l' Bym—l)
+Sb (Axn—ll BYm—l' Bym—l)
+Sb (Axn—ll BYmr BYm)
m-1
< D8, (Ax, Byiy, Byio)

i=n

m-—1
Y
i=n
Since Y%, 1 /n'/¥ converges for 1/k > 1, its tail
yml1/itk 50 as n-oo . Hence
1imy; 1608y (A%, BYim, Bym) = 0.
Hence the bisequence ((Ax,, By,)) be Cauchy and
(X,Y,S,) be complete.
So both sequences converges to the same intersection
pointz€ XNY.
So limAx,, = limBy, = limSx,, =limTy, =z
Step-3 :- Existence of Coincidence points
Since z € X and S(X) is closed and limSx, = z,
Then z € S(X).
Then there must be exist u € X s.t
Su =z
Also z € Y and T(Y) is closed and limTy, = z, then
zeT(Y)
Then there must be exist v € ¥ s.t

Tv = z.
Proof of the Remaining part of Theorem 2
The remaining part of the proof of Theorem 2 is
similar to that of Theorem 1.
Since Theorem 3.1 has already been proved in the
paper, and the construction of the Cauchy bisequence
((Ax,, By,)), its convergence to z € X NY, and the
existence of u € X, v € Y such that Su = zand Tv =
z have been established above, the proof of existence
of coincidence and common fixed point follows on the
same lines as in Steps 3-5 of Theorem 1. Hence
proved. O
Corollary 3. Let Y(t) =t in Theorem 1, the
condition becomes T+ F(Sy(Ax, By, By)) <
FM(x,y) —¢M(x,y)))  Where  M(x,y) =
Sp(Sx, Ty, Ty),
Sy (Ax, Sx, Sx),
SUPY 8, (By, Ty, Ty),
Sp(Ax,Ty,Ty)+Sp(By,Sx,5x)
2
unique common fixed point.

Remark 1. This shows Y is not essential, it
generalizes the contraction.
Corollary 4. Let ¢(t) =0 in Theorem 1, the
condition becomes
T+ F(l/J(Sb(Ax, By' By))) <

F(pM(x,¥)))

Then A,B,S,T have a unique common fixed
point.
Remark 2. This is the Fy-contraction in bipolar Sj-
metric space.
Corollary 5. Let F(t) =Int, Y(t) =¢, ¢(t) = (1 —
k)t with 0 < k < 1. Then Theorem I reduces to

Sp(Ax, By, By) < ke™*M(x,y)
<k M(x,y)

Where k, = ke™™ € (0,1). Hence A,B,S,T have a
unique common fixed point.
Remark 3. This is the Banach Type Contraction.
Corollary 6. Let A=B=P and S=T=Q in
Theorem 3.1. Then two mappings P,Q:XUY - X U
Y satisfy

Then A,B,S,T have a

T+ F(S,(Px,Qy, Qy))) < F(h(Mpo(x,y) — ¢(Mp o (x,¥))))

Sy (Sx, Ty, Ty), ]
S, (Px, Sx, Sx),
Where, Mpgq(x,y) = max S,(0y, Ty, Ty),
Sp(Px, Ty, Ty)+Sp(Qx,5x,5x)
2
Then P and Q have a unique common fixed point.

4 Examples

Example 2. Let X =[0,1], Y =1[0,1] and we
consider bipolar Sy -metric space Sy(x,y,z) = |x —
y| + |y — z| + |z — x|. This is a complete bipolar S,-
metric space.
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Define mappings: Sx =
{x, 0<x<05 Tx—{x’ 0<x<05
05 05<x<1 05 05<x<1

0, 0<x<05

025, 05<x<1 DX
0, 0<x<05

- {0.25, 05<x<1
Take F(t) = Int +t, (t) = 2¢, $(t) =% 7 = 05,
Verification:
(i) S(X) =10,0.5], T(Y) =[0,0.5] closed. A(X) =
{0,0.25} c T(Y) B(Y) ={0,0.25} c S(X).
(it) Common fixed point: S0 =0, A0 =0, TO =
0, BO = 0. So 0 is a Common fixed Point.
(iii) Contraction check
Forx,y € [0,0.5], S,(Ax, By, By) = 0. So Condition
holds.
For x,y € (0.5,1] Sy (Ax,By,By) =
5,(0.25,0.25,0.25) = 0 So condition holds.
Forx €[0,0.5], y € (0.5,1]

ax =

Sy (Ax, By, By) = S,,(0,0.25,0.25)
=10 — 0.25] + [0.25 — 0.25| + |0.25 — 0]
=0.25 + 0.25

=0.5

Sp(Sx, Ty, Ty) = S,(x,0.5,0.5)
=2|x — 0.5]

Sy (Ax, Sx,Sx) = 5,(0,x,x)

= 2x
Sy(By, Ty, Ty) = 5,(0.25,0.5,0.5)

Sp(AX,Ty,TY)+Sp(BY,SX,Sx) _ 1402 _ 12 _ 0.6
2 2 ’

2
So M(x,y) = max{0.5, 2|x —0.5], 2x, 0.6} =1
Hence S, (Ax,By,By) = 0.5 < M(x,y)
L.H.S =7+ F@(0.5))
=05+In(1)+1=15

M 4M
R.H.S = Fap(M — p(M))) = F (2 (M - g)) —F (?)
4 4
=In (3) *3
— 162
So T+ FQ(Sy(Ax,By,By))) < F(y(M(x,y) —
dM(x,¥))))

Hence Condition holds.

(iv) Coincidence points are at x € [0,0.5] where
Ax =Sx =x only at x =0. AS(0) = 0 = SA(0).
Similarly (B,T) also satisfy Weakly Compatible
Condition.

Therefore 0 is the unique Common fixed Point for
functions A, B, S, T.

discontinuous
1

4 functions -

0.5 1

== 5(x)=T(x) blue
=== A(x)=B(x) red
@ Fixed point 0

0.4

0.3 1

0.2 1

0.1

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0

Contraction LHS <= RHS (M=1 satisfied)

LHS=1.5 orange
m—— RHS=1.62 purple M=1

04IO O.IZ 0.’4 0:6 0.‘8 l.'O
Verification of Example 2, common fixed point 0.
S, T,A,B are discontinuous at 05 and 1+
F((Sp)) < Fp(M — (M) for M =1

Example 3 (Non-complete bipolar Sj, -metric). Let
X=(01], Y=[01] and Sp(x,y,z) =|x—y|+
|y —z|+|z—x| be a bipolar S, -metric. Then

(X,Y,S,) is not complete, since (x,) = (i) in X and

(Yn) = (%) in'Y is Cauchy but (i) - 0€&X (ie, not

convergent).

Define four mappings A,B,S,T:XUY - XUY by

Ax =1, Bx=1 Sx=1, Tx=1 VxE€

X,y €Y. Define F(t) =1Int, Y(t) =t, ¢p(t) =t/2,

and T = In2.

Verification. (i) CLR Property: Take sequence
1, .

() = (&) in X

limSx, =1€XnY, limAx,=1€XnNY.

n-oo n-oo
So limSx, =limAx, =1€XNY . Hence (S, 4)
satisfies CLRg 4 property.
Similarly take (y,) = (=) in ¥,
limTy, =1,
n—oo
So (B, T) satisties CLRp 1 property.
(ii) Contraction check:
Sy, (Ax,By,By) = $,(1,1,1) = 0.
Then 7 + F(y(0)) =t + F(0) = —oo, while

Fp(M — $(M))) = In (%) ER

lim By, = 1.
n—-oo
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So T+ F(Y(Sy(Ax, By, By))) < F(p(M(x,y) —
¢(M(x,¥)))) holds trivially .
(iii) Common fixed point: Clearly 1 € X NY and
A1=B1=S1=T1=1. So 1 is the unique
common fixed point of 4,B,S,T. O
5 Application to Volterra integral equations
Let X =C[0,T], Y =C[0,T]. Define bipolar S, -
metric by

Sp(x,y,2) = sup [x(t) —y(t)| + |y(®) — z(t)]

te[o,T]

+1z(t) — x(0)]
forx €X,y,z€Y,and T = 1. Then (X,Y,Sp) is a
complete bipolar S;,-metric space.
We consider the system:

X(t) = g1 () + J, Ky (£,5,%(5)) dS.vorvcirnn v)

X(t) = go () + [ ko (£,5,%(5)) dS.cevocnnane (vi)
fort € [0,T],T = 1.
Define mappings S,T,A,B: X UY = X UY by

Sx(t) = x(t)

Tx(t) = x(t)

Ax(t) = g.(t) + f kq (t,s,x(s))ds
0

Bx(t) = g,(t) + ftkz (t,s,x(s)) ds.

Assuming that:

L. g1(t) = 9,(6) vt € [0, T].

2. ki, k,:[0,T] X[0,T]XR—>R are
continuous.

3. 3F € F, two altering functions ¢ and ¢ be
continuous and T > 0 such that Vx € X and
y€VYandt,s € [0, T, u,veER,

|k1(t, S, u) - kZ(t' S, 'U)l

1
< SpWTHFTIF M)
— oM (x,¥)))) — D}

where M (x,y) is as in Theorem 2.
4. AX)ST), B(Y)SSX) and SX) ,

T(Y) are closed subsets of X N'Y.

Then the system (v) and (vi) has a unique common

solutionz € X NY.

Proof Foranyx € X,y €Y,

M(S_b (Ax, By, By)& = 2|Ax(t) — By(t)|@&

= 2| _0rt#E[ k_1(t,s,x(s))

—k_2 (t,5,y(s))] ds|@&

<2f 07tE|k_1—k_2|ds ["by (iii)"]|@&

< 2f 0M#E1/2T (Y (=1) [FA(=1) (F(pM(x,y)

= oM (x,¥)))) — 1)]}ds@&

< l/J)’]‘g—l) [FA(=1) FWMx,y) — ¢(M(x,))))

-7

as%S lforT >1andt € [0,T].
Applying ¥ both sides,

¥(Sp(Ax, By, By))

S FHF@M(x,y)

—¢pM(x,y)))) — 1)
Applying F both sides,

T+ F(lp(sb(Ax' By' By)))

SFMx,y) — ¢M(x,y))))
Then by Theorem 3.2, 4, S, T, B has a unique common
fixedpointz€ XNY st Az=Bz=Sz=Tz = z.
i.e., the system of Volterra integral Equations (v) and
(vi) have a unique solution. O
6 Conclusion
In this work, a new structure named bipolar S, -metric
space has been introduced, which extends the notions
of bipolar metric [9] and F-bipolar metric [17]. Within
this framework, two common fixed-point results for
four self-mappings satisfying (F,, @) -contraction
have been established.
The first result, Theorem 1, has been proved by
employing the joint CLRg r property [16,22] and weak
compatibility ([22]. Its significance lies in the fact that
completeness of the space and continuity of the
mappings are not required. The second result,
Theorem 2, has been established in the setting of
complete bipolar S, -metric spaces under the
inclusions AX)CST(®) , B({Y)cSX) and
closedness of ranges. Several corollaries have been
derived as direct consequences of these theorems,
showing that Banach and F-contraction type results
are special cases.
To support the theoretical findings, two non-trivial
examples equipped with graphical illustrations have
been provided. Furthermore, an application to a
system of Volterra integral equations has been given,
which establishes the existence of a common solution
and demonstrates the applicability of Theorem 2. The
present results generalize and improve the
corresponding results in [9,12,17,22].

Acknowledgement

The authors are grateful to the anonymous reviewers
for their valuable suggestions that improved the
presentation of the manuscript. The first author
acknowledges the support of the Department of
Mathematics, Sri Satya Sai University of Technology
and Medical Sciences, Sehore, MP, India for
providing research facilities.

Declaration

Funding

No external funding was received for this research.
Data Availability

datasets were not generated or analyzed during the
current study. All data are included in the manuscript.
Conlflict of Interest

The authors declare that they have no competing
financial or non-financial interests.

17



ISSN 2277-2685

IJESR/October-December. 2026/ Vol-16/Issue-4/11-18

Sujoy Pradhan/International Journal of Engineering & Science Research

Author Contributions

All authors contributed equally to conceptualization,
formal analysis, writing of the original draft, and
review and editing of the final version.

Ethical Approval

This article does not contain any studies with human
or animal subjects performed by any of the authors.

Reference
[1]. Banach, S. Sur les opérations dans les ensembles
abstraits et leur application aux
équations intégrales. Fund. Math. 1922, 3, 133—
181.
[2] Czerwik, S. Contraction mappings in b-metric
spaces. Acta Math. Inform. Univ. Ostrav.
1993,7, 5-11.
[3]. Kannan, R. Some results on fixed points. Bull.
Calcutta Math. Soc. 1968, 60, 71-76.
[4]. Khan, M.S.; Swaleh, M.; Sessa, S. Fixed point
theorems by altering distances between
The points. Bull. Aust. Math. Soc. 1984, 30, 1-9.
[5]. Matthews, S. Partial metric topology. Ann. N. Y.
Acad. Sci. 1994, 728, 183-197.
[6]. Schweizer, B.; Sklar, A. Statistical metric spaces.
Pacific J. Math. 1960, 10, 314-334.
[7]. Kramosil, I.; Michalek, J. Fuzzy metric and
statistical metric spaces. Kybernetika 1975,
11,336-344.
[8]. Grabiec, M. Fixed points in fuzzy metric spaces.
Fuzzy Sets and Systems 1988, 27, 385-389.
[9]. Mutlu, A.; Giirdal, U. Bipolar metric spaces and
some fixed point theorems. J. Nonlinear
Sci. Appl. 2016, 9, 5362-5373.
[10]. Mutlu, A.; Ozkan, K.; Giirdal, U. Coupled fixed
point theorems on bipolar metric
spaces. Eur. J. Pure Appl. Math. 2017, 10, 655—
667.
[11]. Rao, B.; Kishore, G.; Kumar, G. Geraghty type
contraction and common coupled
fixed point theorems in bipolar metric spaces
with applications to homotopy. /nt. J.
Math. Trends Technol. 2018, 63, 25-34.
[12]. Mutlu, A.; Ozkan, K.; Giirdal, U. Locally and
weakly contractive principle in
bipolar metric spaces. TWMS J. Appl. Eng. Math.
2020, /0, 379-388.
[13]. Kishore, G.; Prasad, D.; Rao, B.; Baghavan, V.
Some applications via common
coupled fixed point theorems in bipolar metric
spaces. J. Crit. Rev. 2020, 7, 601-607.
[14]. Bota, M.F.; Karapinar, E.; Mlesnite, O. Ulam-
Hyers stability via a-admissibility.
Adv. Differ. Equ. 2020, 2020, 70.
[15]. Shukla, S. Partial rectangular metric spaces and
fixed point theorems. Sci. World J.

2014, 2014, 756298.
[16]. Faraji, H.; Savi¢, D.; Radenovi¢, S. CLR
property in partial metric spaces. Vojnoteh.

Glas. 2023, 71, 1-12.
[17]. Rawat, S.; Dimri, R.C.; Bartwal, A. F-bipolar
metric spaces and fixed-point theorems

with applications. J. Math. Comput. Sci. 2022,
26, 184-195.
[18]. Paul, J.; Gairola, U. Fixed point for generalized
rational type contraction in

partially ordered metric spaces. Jiianabha 2022,
52, 162-166.
[19]. Paul, J.; Gairola, U. Existence of fixed point for
rational type contraction in F-metric

space. Ganita 2022, 72, 369-374.
[20]. Demma, M.; Radenovi¢, S.; Vetro, P. On the
well-posedness and stability of fixed

point problems in bipolar metric spaces. J. Fixed
Point Theory 2022, 24, 1-18.
[21]. Paul, J.; Gairola, U. Fixed point theorem in
partially ordered metric spaces for

generalized weak contraction mapping satisfying
rational type expression. J. Adv.

Math. Stud. 2023, 16, 57-65.
[22]. Rao, K.P.R.; Kishore, G.N.V.; Alansari, M.
Common fixed points in bipolar metric

spaces via CLR property. Axioms 2024, 13, 612.
[23]. Saha, P.; Konwar, N.; Roy, S. Well-posedness
and Ulam-Hyers stability of fixed point

problems in bipolar b-metric spaces. Axioms
2024, 13, 890.
[24]. Shams, M.; Kausar, N.; Agarwal, P.; Shah, M.A.
Triangular intuitionistic fuzzy linear

system of equations with applications: an
analytical approach. Appl. Math. Sci. Eng. 2024,

32, 1.
[25]. Rehman, S.U.; Jabeen, S.; Khan, S.U.; Jaradat,
M.M.M. Some a-¢ fuzzy cone contraction

results with integral type application. J. Math.
2021, 2021, 1566348.

18



